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Abstract

Automata theory can be successfully applied to natural language process-
ing. We have tried to identify computational constraints involved in speech
synthesis linguistic modules . This lead to a generic extension of ASTL (Au-
tomata Standard Template Library)' to possibly weighted automata (WFA)
and transducers (WFST). Classical and extended algorithms have been im-
plemented with performance and code reusability in mind. This template
library is applied to rewrite rule compilation, Viterbi decoding and text dis-
ambiguation for which we present an extended algorithm.

KEYWORDS : automates, theories des, C++, transducteurs
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Chapter 1

Introduction

Finite automata have been applied in computer science for fifty years. Unix
tools, lexical analysis in program compilation [ASU86|, or even typesetting
this document involve their extensive use.

They have emerged fifty years ago from the pioneers in computing, neu-
ral networks and information theory [Per93|. Their application ranges from
number [Bru00a], codes [BruO0Ob] and circuit theory (synthesis, FPGA, con-
volutional codes) to linguistics. In the latter, Chomsky’s much influential
work has a little delayed their use in natural language processing so that the
interest of computer linguists for finite-state devices dates back to the early
seventies. Ever since, they are widely found in electronic dictionaries [Rev91],
orthographic correction [Dac98|, Internet search engines and speech recogni-
tion chains (hidden markov models, n-grams). Entire text analysis systems
such as the AT&T speech synthetizer and speech recognition linguistic mod-
ules are only made of weighted finite-state technology [PRS94|[FM97][Spr98].
Xerox laboratories have also developed for the past twenty years fast solu-
tions to analyze texts in various languages [Kar94|[CT95]. A lot of work has
been carried out at the LADL! especially on linguistic analysis by means of
automata and transducers (dictionaries [Moh94a], local grammar [M.G97],
pattern matching [CH97], large corpus processing [Sil00]).

1.1 Motivation

Although these models have become popular among computer linguists, the
TCTS lab 2 to which this study is directed has made very little use of them

!Laboratoire d’informatique linguistique et documentaire, Institut Gaspard Monge,
Université de Marne-la-Vallée, France
2Signal processing and circuit theory laboratory, FPMs, Belgium



explicitly. It has appeared from AT&T researches that weighted finite-state
models can be used to unify a series of linguistic modules in speech synthesis
and recognition. Such an approach brings advantages that will be illustrated
along this work :

compactness : the automata representation of a dictionary decreases
its size in a way similar to LZW algorithm (pkzip) [CL92]. In this
article, 200,000 portuguese words (2.3 Mb and 602 Kb compressed) are
stored with 124 Kb (automaton). This automaton compressed with
pkzip taking 105 Kb. Such a compression order is also reported by
[Moh94a] for transducers.

speed : matching a string with a deterministic automaton takes a time
proportional to the input size and is independent of the automaton
size, which is of course not the same for compressed archives.

easy processing : it is possible to build finite state machines with ele-
mentary operations close to those of the sets. Their complexity is well
defined (usually polynomial in time and space) and therefore makes
them appropriate for real time computations.

modularity : once encoded as such, different linguistic objects can in-
teract by means of operations defined on finite state devices. Cascades
of transducers can model complex relations from simpler ones.

large scale optimization : many efficient algorithms have been devel-
oped and provide improvements that would have hardly been conceiv-
able without this common environment

(on-the-fly operations [MRM97], cursors [Mao00]).

software design : as algorithms are much more reused and relationships
between modules are standardized, the overall system is less error prone
than a system where new interfaces are continuously added or modified.
This is the case in text-to-speech modules when you want to support a
new language, with a possibly new input encoding (arabic, chinese).

Weighted finite state models not only describe linguistic phenonema, they
can also include related statistical information, which as we will show is a
decisive asset.

Of course, this unifying framework has some drawbacks :

limited expressive power : the class of languages that finite state ma-
chines can produce and recognize is limited by their memory stored in



their states. It is therefore impossible to model infinite imbrications.
For this reason, their usage is limited to basic levels of the classical
language hierarchy. However, for current synthesis and recognition sys-
tems, we will see that these restrictions are merely acceptable. More-
over, new techniques can parse natural language sentences according to
a very large context-free grammar with finite state transducers [Roc97]
[Lap96] where classical algorithms are inefficient. However, they can-
not be easily applied to the general framework we have described where
approximations are still needed [PW97].

e unique framework : if one wishes to perform more complex operations
on the data, one needs to convert from the model and possibly convert
it back : this is the case for connections with artificial neural networks
in speech recognition.

e difficult dynamic learning : if it is always possible to add an entry to a
dictionary keeping it more or less minimal in size [Dac98|, more complex
learning strategies are only possible outside the model. Algorithms
exist nevertheless to convert a neural network to a finite automaton or
transducer [CGST92].

e complexity awareness : when dealing with large finite-state machines,
the order in which operations are performed needs to be carefully chosen
to prevent intractable computations.

1.2 The natural language hierarchy

All this advantages have motivated the study of automata theory and finite-
state applications mainly in speech synthesis and to a lesser extent in speech
recognition. Before introducing this work, we need to position the general
problem of dealing with natural language and speech in particular.

The speech acquisition (or production) is traditionally divided in seven
layers (see figure 1.1)[Dut99] :

Speech recognition implies modules that perform tasks of this hierarchy
from acoustics to at least syntax in order to convert audio signal to human
readable text.

Speech synthesis, on the other hand, just needs these modules in reverse
order from top to bottom, to produce human acceptable speech from unre-
stricted text.

At the bottom of this hierarchy lies acoustics. This is the gateway between
digital processing and usually a text format to encode the phonemes produced
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Figure 1.1: Natural language hierarchy

or acquired. The classification of all the sounds of language and the way they
are pronounced are usually referred to as phonetics. The way they combine
to give words is studied by phonology. Morphology is concerned by words
and their variations in the language (for example : am, is, were, was, being
all derives from the verb be). Once a word has received all its possible
categories at the end of a morphological analysis, a syntactic module needs
to keep only the succession of categories that are acceptable for this language.
(ex: a determiner like “the” will never be followed by a verb in english, which
permits to disambiguate a sequence like “the work”). Syntaz is not sufficient
to grasp the message expressed. Semantics can be used to disambiguate a
french sentence like “La petite brise la glace”. Pragmatics deals with all the
rest, keeping in mind that communication between two people involves some
cultural aspects.

1.3 Designing a finite-state library

Applications of finite-state machines are limited to phonology, morphology
and syntax. The analysis of the computational constraints and existing so-
lutions have motivated the design of a template library in C++ for weighted
finite-state automata (WFA) and transducers (WFST). Little work has been
done to provide a general framework to develop finite-state applications for
the simple reason that programming languages were not flexible enough until
recently [Wat96][MPROO].



In the following sections, we first discuss the theoretical bases of finite-
state machines (chapter 1). The algorithms implemented in the library are
detailed in chapter 2. Some classical applications to text-to-speech synthesis
are studied in chapter 3. This leads naturally to the design of the library
which is based on ASTL? (an automata extension of STL, the Standard
Template Library for C++) (chapter 4). Three applications (rewrite rules,
Viterbi decoding and local grammar) have been chosen to test the overall
performance and compare it to similar softwares [Wat96][MPRO00] [Ray96].

3developed by Vincent LeMaout at Marne-la-Vallée University, France)



Chapter 2

An introduction to finite-state
machines

In this chapter, we introduce four finite-state devices : automata, tranducers
and their weighted counterparts, WFA and WFST. We recall main results
that are useful to present algorithms and applications in the next chapters.
Note : this section is much inspired by two main references [RS97] and
[M.M98].

2.1 Words and languages

2.1.1 Definitions

If ¥ is a set called the alphabet, a word x on X is a finite sequence of elements
of 3 or letters.
z = (ay, ..., an)

where n > 0 and a; € X for i = 1, ...,n. n is the length of = also denoted |z|.
If n = 0, we have the empty word or €. If y is another word,

Yy = (bl, ceey bm)
their concatenation or product is defined by
2=2-Y=2y = (A1, ..y Gy, by, ..., bpy)

x is a prefix and y a suffix of z. If the concatenation of a word z with itself
is repeated n times, we have 2" = (z - - - x) with 2° = ¢. Concatenation is
——

n
an associative but non commutative operation whose neutral element is the
empty word : ze = ex. Moreover, |z -y| = |z| + |y, |¢] = 0.

6



>* denotes the set of every words on X including the empty set e. We
call a formal language on ¥ a subset X of ¥*.

2.1.2 Operations on formal languages
If X and Y are two languages, one can define their:

e intersection
XNY ={ulu€e Xandu €Y}

® union
XUY ={ulue XorueVY}

e difference
X-Y={uue Xandu ¢ Y}

e product or concatenation
X-Y={wlueX,veY}
This product is associative and the language {e¢} is the neutral element.

e power, defined recursively by
X% ={e} and X"t = X"X forn >0
e closure or Kleene star
X" ={u;-us---upn € Nyu; € X,i <n}uU{e} = GXi
=0
X* is the set composed of all the words that are finite concatenations

(possibly zero) of words belonging to X.

e plus operator

o0
Xt ={ur-us---uslneN,uy; € X, <n}=[JX*
i=1
X is the set composed of all the words that are finite concatenations
(not zero) of words belonging to X. This set doesn’t include the empty

set {€}.

In the following section, we will see that such operations on a particular type
of languages can be done through finite automata and, with some restrictions,
to finite-state machines.



Figure 2.1: Finite automaton A,

2.2 Finite automata

2.2.1 Definitions

Definition 1 (FSA) A finite automaton A is a 5-tuple (X, Q, I, F, E) where
> 15 the alphabet, () is a finite set of states, I C @) is a set of initial states,
F C Q is a set of final states and E C Q x (X U{e}) x Q is the set of edges.

A FSA can be seen as defining a class of oriented graphs. In the rest of
this text, we will describe a FSA with the following pictorial conventions :
initial states are represented by a darker circle, final states are depicted by
two concentric circles. € or eps represents the empty string.

In figure 2.1, we have drawn the automaton A; = ({a,b},{1,2},1,2, E4,)
where E4, = {(1,q,1),(1,b,2),(2,b,2)}.

Another traditional way of representing the set of edges in our first def-
inition is to consider a transition function § from Q x (X U {e} to 2% !,
which is helpful when considering the language accepted by an automaton.
This function defines the transition(s) from a state to another given an input
symbol :

8(¢,a) ={q € Q3(¢,a,¢) € E}
In our example, §(1,a) = {1}, 6(1,b) = {2} and 6(2,b) = {2}.
We can define an extended transition function 6* mapping from @ x X*

onto 29 such that we can follow the transition of words through the states
of the automaton :

Vg € Q,6"(q,¢) = {q}
Yw € ¥* and Va € {S U {e}},

Mgw-a)= U da0a)

q1€ 0* (q,w)

from a state ¢ € , a transition with a label a € ¥ can lead to a set of states (Q' €29,
2|9l being the maximal number of different subsets given the number of states)



A word w is said to be accepted or recognized by an automaton if
Ji € I16*(i,w) N F # 0
or if there exists a sequence of consecutive edges or a path

(po, al,pl), (pl, a2,p2), ey (pn—h a’napn)

where pg € I , p, € F and w = (ay, as, ..., a,) 2
The language L(A) recognized by the automaton A is defined as :

L(A) ={w e A* i € I|6*(i,w) N F # (}

We easily notice that the language accepted by A; is the set of all the
words made of any number of a (possibly zero) followed by at least one final
b. The language recognized is therefore {a}*{b}* also commonly denoted
a*b* following definitions in the previous section. The last notation is often
referred to as a reqular expression.

2.2.2 Regular languages

As announced, we now need to caracterize the class of languages recognized
by a FSA.

Definition 2 (Regular languages) The family of reqular languages is ob-
tained recursively as follows :

e Any finite set of words is a regular language.

e If X andY are reqular languages, then XUY , XNY, XYV, X* X-Y
are reqular languages.

e Any reqular language is built with the two previous rules.

Theorem 1 (Kleene, 1956) A language L is reqular <= L is recognized
by a FSA.

The proof of this theorem can be found in numerous textbooks [M.M98]
[Lot00] [VN98] [YB94]. It is even possible to extract the regular language
such as ¢*b* from an automaton (ie. A;) using Mc Naughton and Yamada
algorithm giving a constructive proof [DBJB92] to < assertion. (One can
in fact associate a linear system to an automaton, that can be solved using
Arden’s lemma.).

2of course, if there are €, a path with € can be defined in the same way.

9
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Figure 2.2: Non-deterministic automaton A,

The proof of the correspondence = will be established in the following
section by constructing FSA from regular expressions.

To show that the expressive power of regular languages is limited, let us
show a language that is not recognized by a finite automaton.

L ={w|w = a"b",n € N}

This language contradicts the fact that a finite automaton has a finite
number of states |Q)|. When we fix the number of states to a given value,
it is possible to find a word belonging to L that is not accepted by the
automaton. For example, if we take w = alQ*t1pl9H1  there is at least two
cycles to enable the recognition of a/?*'5/@+1 Since there are two cycles
on a and b, nothing guarantees that the number of loops done on a exactly
matches the loops on b, which contradicts the definition of L.

2.2.3 Space and time trade-off

In the section 2.2.1, we have defined a generic FSA (having possibly several
initial states, e-transitions and multiple transitions on the same label from a
given state (see figure 2.2). It is essential for our purpose to study a particular
case of FSA.

Definition 3 (Deterministic FSA) A deterministic FSA is a 5-tuple
(3,Q,1, F, ) where X is the alphabet, Q is a finite set of states, i € Q is
the initial state, F C Q is a set of final states and § is the transition function
mapping @ X X to Q.

In other words, a deterministic automaton has one initial state, at most one
transition per label and per state and no e-transition. Our first example A;
in figure 2.1 is deterministic.

Checking if a word is recognized by a deterministic automaton is linear to
the input length provided that at each state there is at most one transition
possible. That is of course not the case for A,.

10



Figure 2.3: Determinized automaton Az equivalent to A,

Here is an important result of automata theory :

Theorem 2 Any non-deterministic automaton A = (X,Q, I, F, E) is equiv-
alent to a deterministic one A" = (%, Qi F, 5').

The proof is constructive :
e Q ={6(I,0)c € X}
oi =0(I,6)=1
o ' ={5(I,0)|c € *,6(I,0) N F # B}

6 :Q xX — Q defined by
(g,0) €eQ xX%,6(q,a)= quqfé(q, a)

The application of this construction to A, gives : 6({1},a) = {1,2},
o({1},0) = {1}, 6({1,2},a) = {1,2},6({1,2},b) = {1,3} (final); 6({1, 3}, a) = {1,2}
d({1,3},b) = {1}. Figure 2.3 A3 shows the resulting automaton Aj.

A determinized automaton may have much more states than its non-
deterministic counterpart, since determinization works on subsets of (). In
some cases, the number of states is exponentially larger (2/9). Here is an
example : the automata that recognize the family of languages L,, = A*a A"}
where A = {a,b} have n + 1 states while non-deterministic and 2" when
determinized. Figure 2.4 and 2.5 show this exponential explosion.

This has lead practical implementations to use lazy or on-the-fly al-
gorithms, preventing the expansion of the whole deterministic automaton
(space economy) while a small part of it is needed (the one related to the in-
put in fact). When time is a priority, the use of a pre-computed deterministic
machine remains the best choice.

11



Figure 2.4: Non-deterministic automaton A, recognizing Lg

Figure 2.5: Determinized automaton As equivalent to A, with 23 states

12
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Figure 2.6: A normalized automaton

2.2.4 Regular operations on FSA

In this section, we explain how to perform elementary operations on automata
to modify the language they recognize. We will limit ourselves to union,
concatenation and closure, that are sufficient to build any FSA. The other
potential operations (the same as in section 2.1.2) will be detailed when we
examine their algorithms.

Normalized automata

Definition 4 (Normalized automaton) An automaton is normalized if it
has a unique initial state © with no transition entering i and a unique final
state f with no transition leaving f.

It is always possible to turn a given FSA A into an equivalent normalized
automaton Ay. It suffices to create two new states ¢ and f, join 7 to all initial
states of A with e-transitions and conversely, join f from all final states of A
with e-transitions. We represent such an automaton in figure 2.6 .

Operations on normalized automata

We can successively define for two normalized automata A; = (X, @1, i1, f1, F1)
and Ay = (X, Qa, 12, fa, F5), their union (figure 2.7 )

(Ean U QQ U {7:5 f}aia fa EiUEU {(7;’6’ 7;1)’ (i’ea iQ)a (flaea f)’ (f2>€a f)})

their concatenation (figure 2.8) (X, Q1 UQ2, 41, fo, E1 U EyU{(f1,€,i2)}). The
closure of A; (figure 2.9) is given by :

(Ean U {Za f}aia fa El U {(iaeail)’ (i7€’ f)? (fl,G, 7;1)7 (fl,ea f)})

Although these operations seem trivial, there are extremely important for
our purpose because they can be extended to all the finite-state machines
studied in this work (see following chapter). Moreover, they provide a general
framework for converting expressions to finite-state models.

13
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Figure 2.7: Union of two normalized automata

Figure 2.8: Concatenation of two normalized automata

Al
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Figure 2.9: Closure of a normalized automata
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2.2.5 Constructing FSA from regular expressions

Given the three operations defined above, it is possible to convert any regular
expressions to a non-deterministic automaton with ¢ [CH97].

Theorem 3 (Thompson) Let x be a reqular expression. There ezists a
normalized automaton with epsilon recognizing L(x) satisfying the following
conditions :

(1) the number of states is bounded by 2|x|;

(ii) the number of edges labeled by letters of A is bounded by |x|, and the
number of edges labeled by € is bounded by 4|x|;

Proof : An elementary automaton recognizing one symbol uses 2 states and
we add at most 2 states for each operations. The number of epsilons added
at each operations is bounded by 4.

Let us now see how to build automaton As whose underlying language
is (a|b)*ab 3. Using a classical LR-parser, we can decompose this expression
into its parse tree in figure 2.10, provided that precedence has been defined
for regular operators (%, +, ., | (by decreasing precedence)). After the cre-
ation of elementary normalized automata (rl, r2), elementary unary (closure,
parenthesis) and binary (union, concatenation) operations are applied to give
the resulting automaton after r9 (figure 2.11).

The reader might object that the automaton in figure 2.10 contains e
transitions. An algorithm (e-removal) is given in the following chapter to
remove them without affecting the recognized language.

2.2.6 Minimization

Another important result of automata theory is that deterministic automata
can be minimized [DBJB92] :

Theorem 4 The minimal automaton of a language X s the automaton hav-
ing the fewest number of states among all deterministic automata that recog-
nize X. It is unique (up to isomorphism,).

An interesting work has been done by Bruce Watson [Wat93] to gather
all the proofs and algorithms related to minimization of automata.

The minimization of automata leading to the minimal automaton is not
limited to deterministic ones. In the next chapter, an algorithm due to

3| symbol is the POSIX convention for union in regular expressions (some authors prefer

to use +)

15



Figure 2.10: Decomposition of (a|b)*ab

Figure 2.11: After Thompson construction (r9)

16



Figure 2.13: The minimal automaton recognizing (a|b)*abb

Brzozowsky is given : it takes a FSA and returns the minimal automaton.
As it is not based on classical properties of deterministic automata, we don’t
present this theory here. You can refer to [ASU86], [DBJB92| and [Wat93]
for advanced theory.

By minimizing an automaton, it is possible to order it in a canonical
way leading to space efficiency. For this reason, specialized minimization
algorithms are used to build dictionaries (acyclic deterministic automata)
[Rev91] [Dac9g].

Figure 2.12 shows a non-minimal deterministic automaton and figure 2.13
the minimal automaton that recognizes the same language.

17



Figure 2.14: Finite-state transducer 7}

2.3 Finite-state transducers

2.3.1 Definitions

Definition 5 (FST) A Finite-State Transducer is a 6-tuple (X,9,Q, I, F, E)
with :

e X the input alphabet

Q) the output alphabet

e () is a finite set of states

o I C @ s the set of initial states
e [ C (Q is the set of final states

e ECQxXUex (QUe)* xQ a finite set of transitions

Informally, a FST is a machine that behaves like a FSA from the input side
and that outputs symbols when a transition is followed.

It defines a relation between input and output languages which is similar
to applications and functions for numeric expressions.

In figure 2.14, 71 = ({a,b},{b,c,d},{1,2},{1},{2}, E1) where E; =
{(1,a,b,1),(1,b,¢,2),(2,b,d,2)} maps the relation (a, b)*(b, c)(b, d)*. For ex-
ample, with input abb, the transducer outputs bcd.

Finite-state transducers are also known as Mealy machines by circuits
designers with ¥ = Q = {0, 1}.

As the input side of a FST can be seen as a FSA, we similarly define a
transition function mapping @ x ¥ to 2% by

5(g,a) ={q'|3(¢,a,b,q) € E}

It can be extended in ¢* to map ) X X* to input words.
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Givena FSTT = (£,9Q,Q, I, F, E), a path of T' is a sequence ((p;, a;, bi, ¢;))i=1.n
of edges € F such that ¢; = p;11,7 = 1.n — 1. A successful path is a path
from an initial state to a final state.

A word w is recognized by a transducer if 3i € I|6* (i, w) # 0.

When dealing with a transducer, one can extract 3 different FSA :

e the input side automaton or first projection

71-1(,1-7) = (Ea Qa Ia F7 E1)|E1 = {(Qa a, ql)‘(Qa a, ba q’) € E}
In our examples, A; = m,(T1) (fig. 2.1).

e the output side automaton or second projection
WQ(T) = (Qa Q7 I? F7 EQ)‘EQ = {((Z: ba q’)|(q7 a, b7 q’) € E}

e the underlying automaton

UT) = (1,Q,1,F,E)I =%xQ and (q,(a,b),q) € E iff (g,a,b,q) € E

For the need of the following sections, one have to notice that FST can
have words on their transitions : it is always possible to decompose their
words into letters or €, so that the resulting FST is a letter or standard FST.
For example, (ab,c) = (a, €)(b, c).

An output function o mapping E to 2* is defined by

Ve € E,o(e) = mq-(€)

where 7o« is the projection of () x X x Q* X () over 2*. ¢ can be extended
(0*) to map E* to Q*
T defines a transduction 7(T) from ¥* to Q*:

Vw € ¥, 7(T)(w) = {o*(7)|7 path € (I ~" F)}

In figure 2.15, we have represented the transducer that realizes the tranduc-
tion (from [M.M98])

(") = a" if n even
W)= b ifnodd

This relation can be written R(7) = (22, a?)*|(z,b)(x?,b%)* As for automata
and their underlying regular language, transducers and transductions have a
limited expressive power. Let us caracterize these limitations.
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Figure 2.15: Transducer realizing 7 : 7(z?") = o, 7(z***!) = v*"*! from
[M.MO98], p.12

2.3.2 Rational relations

Being finite-state devices, transducers are only able to express a class of
relations : rational ones (it is the parallel of Kleene’s theorem).

Theorem 5 A transduction T from X* to Q* is rational iff it can be repre-
sented by a finite-state transducer.

A classical counter-example is the mirror transduction that associates to a
word w its reverse wf. It is impossible to revert strings with a tranducer :
that would mean it can realize (a™, b")(b", a™), which is incompatible with its
first (and second) projection accepting a™b".

2.3.3 Re lar o erations on trans ers

The construction of transducers from rational relations can be performed
in the same way as for automata and regular expressions. -transitions are
simply replaced by (, ). In this way, we can define union, concatenation
and closure of transducers.

m o

owever, not all regular operations can be transposed to transducers. For
example, intersection of transducers is not defined in the general case. ere
is a counter-example :



B
—
o]
=
=
@
o
i o
—~
— Q.-H o
T = o

Figure 2.1 :

The two relations are rational since they can be represented by a transducer.
owever, their intersection implies :

(@, )*(6, )* (@, )"(6, )" (a"0", ™)

leading to an inconsistency since a™b" is not regular. owever, intersection
can be defined on a restricted class of standard transducers without . This
intersection can be performed directly on the underlying automaton of
[ 9] K9] In fact, only one family of rational relations with can
be intersected. These relations are same-length relations such that R
(, ) where [ K9 ]. In other words, rational relations with can
be intersected if they introduce the same number of insertions ( ,a) and
deletions (a, ).

e Morgan’s law implies immediately that complementation and di er-
ence are not defined neither.

evertheless, transducers introduce new operations that we describe.

2.3. entit in ersion an o  osition
ro o o rom a (3, ,, , ) one can easily
build a transducer () (2,2, , , , ) suc t at

(’CL?a, ) (’a7 )

Figure 2.1 showsI ( ).
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Figure 2.18:

o mapping letters to capital letters

B:2
@ Al a D:4 @
U .

Figure 2.19:

ro o o er e o
t eree ists suc t at (

s suc t at
( 7b7a'7 )

Figure 2.1 shows ;| '.
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